
Computational Optimization and Applications (2024) 87:475–499
https://doi.org/10.1007/s10589-023-00534-8

A new technique to derive tight convex underestimators
(sometimes envelopes)

M. Locatelli1

Received: 16 March 2023 / Accepted: 28 September 2023 / Published online: 16 October 2023
© The Author(s) 2023

Abstract
The convex envelope value for a given function f over a region X at some point
x ∈ X can be derived by searching for the largest value at that point among affine
underestimators of f over X . This can be computed by solving a maximin problem,
whose exact computation, however, may be a hard task. In this paper we show that
by relaxation of the inner minimization problem, duality, and, in particular, by an
enlargement of the class of underestimators (thus, not only affine ones) an easier
derivation of good convex understimating functions, which can also be proved to be
convex envelopes in some cases, is possible. The proposed approach is mainly applied
to the derivation of convex underestimators (in fact, in some cases, convex envelopes)
in the quadratic case. However, some results are also presented for polynomial, ratio
of polynomials, and some other separable functions over regions defined by similarly
defined separable functions.

Keywords Convex underestimators · Convex envelopes · Quadratic programming ·
Polynomial programming · Separable functions

1 Introduction

When dealing with nonconvex optimization problems, the derivation of convex under-
estimators for nonconvex functions over suitable regions enclosing the feasible one is
an important issue. Indeed, nonconvex problems are often tackled through branch-and-
bound approaches, whose performance heavily depends on the quality of the bounds.
These are computed by solving convex relaxations, where convex underestimators
replace nonconvex terms. Well known convex underestimators in the literature are
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those employed in the α-BB approaches: For a given function f and a box X , a con-
vex underestimator is obtained by summing up f with a convex quadratic function
q, with non positive values over X and whose Hessian has suitably large eigenvalues,
making f +q a convex function over X . Theα-BB approaches have been introduced in
[1] butmany developments have been proposed later on, like the splineα-BB in [2] or a
variant where function q is based on exponential functions, rather than quadratic ones,
proposed in [3].We alsomention a variantwhere boxes are replaced by simplices in [4].
Another popular procedure to derive convex understimators is the Auxiliary Variable
Method for factorable functions, i.e., functions obtained by a finite recursive combi-
nation of binary sums, binary products, and a library of univariate functions (like, e.g.,
logarithmic, exponential functions). An auxiliary variable replaces each factor of the
factorable function, and an equality constraint establishes the equivalence between the
auxiliary variable and the factor. Next, convex and concave envelopes of the factor are
employed to approximate the equality constraint through two inequality constraints.
We refer, e.g., to [5, 6].

Of course, the tighter the convex underestimator employed within a convex relax-
ation, the best is the lower bound returned by the relaxation. Thus, a special role is
played by the best possible convex underestimator for a function f over a region X .
This is called convex envelope and is defined as the pointwise supremum of all convex
underestimators of f over X , i.e., after denoting by C(X) the set of convex functions
over X , for any x ∈ X it holds that

Conv f ,X (x) = sup{c(x) c(y) ≤ f (y) ∀y ∈ X , c ∈ C(X)}. (1)

In fact, it is well known that the above definition can be simplified by restricting the
attention to affine underestimators. Indeed, each convex underestimating function can
be replaced by an affine function (its supporting hyperplane at x), and the two functions
have the same value at x. Thus, if we denote by A(X) the set of affine functions over
X ,

Conv f ,X (x) = sup{c(x) c(y) ≤ f (y) ∀y ∈ X , c ∈ A(X)}. (2)

Computation of the convex envelope is a hard task. Indeed, since the global optimum
value of Conv f ,X over X is the same as the global optimum value of f over X ,
deriving the convex envelope is at least as hard as the global optimization of f over
X . However, there are some results in the literature for some functions and regions.
When X is a polytope, vertex polyhedral convex envelopes are those for which we
can restrict the attention to piecewise linear functions, where each linear piece inter-
polates f at some vertices of the polytope (see, e.g., [7–10]). Non polyhedral convex
envelopes are derived in different works including [11–18].

The equivalence between the two definitions (1) and (2) of the convex envelope
leaves some freedom, which can be exploited. Indeed, for any set H(X) such that
A(X) ⊆ H(X) ⊆ C(X), it holds that

Conv f ,X (x) = sup{c(x) c(y) ≤ f (y) ∀y ∈ X , c ∈ H(X)}. (3)
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Indeed, if we denote byUC,UA,UH the supremum values in (1), (2), and (3), respec-
tively, it holds that UA ≤ UH ≤ UC , and, in view of UC = UA, all the inequalities
are, in fact, equalities. In particular, we define H(X) as follows

H(X) = {α�(y − x) + η + f̃ (y) − f̃ (x), α ∈ R
n, η ∈ R, f̃ ∈ �X },

where �X ⊆ C(X). Thus, H(X) = A(X) when �X = {0}, where 0 denotes the null
function. Indeed, if f̃ reduces to the null function, then H(X) reduces to the set of
affine functions. Instead, H(X) = C(X) when �X = C(X). Indeed, H(X) ⊆ C(X),
since for each α ∈ R

n, η ∈ R, f̃ ∈ �X , it holds that α�(y−x)+η+ f̃ (y)− f̃ (x) is
a convex function. But at the same time it also holds that C(X) ⊆ H(X). Indeed, each
f ∈ C(X) can also be written in the form α�(y − x) + η + f̃ (y) − f̃ (x) by taking
α = 0, η = f (x), and f̃ = f . Then, we can define the convex envelope as follows

Conv f ,X (x) = max
f̃ ∈�X , α, η

η

f (y) ≥ α�(y − x) + η + f̃ (y) − f̃ (x) ∀y ∈ X ,

or, equivalently

Conv f ,X (x) = max
f̃ ∈�X , α

α�x + f̃ (x) + miny∈X f (y) − α�y − f̃ (y). (4)

Now, given the inner minimization problem

min
y∈X f (y) − α�y − f̃ (y),

let

max
z∈Z ϕ(z; f , f̃ ,α),

be a dual problem for it, where z are the dual variables and Z the feasible region of
the dual problem. Note that an explicit derivation of the dual problem depends on the
definition of f and f̃ . The derivation will be given in the following sections for some
special cases. Then, the optimal value of the following maximization problem

max
f̃ ∈�X , α, z∈Z

α�x + f̃ (x) + ϕ(z; f , f̃ ,α),

underestimates f at x ∈ X . When the duality gap is null, this is the value of the convex
envelope. The inner minimization problem can also be replaced by a relaxation. In
this case the value of the convex envelope is obtained if the relaxation is exact and
the duality gap is null. Obviously, due to the fact that computing the convex envelope
of a function f over a given region X is at least as difficult as computing the global
minimum of f over X , an efficient computation of the convex envelope is possible
only when the global minimization problem can be efficiently solved, in particular
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for those nonconvex problems with a hidden convexity property. More precisely, it is
possible only when the minimization over X of the sum of f with any linear function
can be done efficiently (see the minimization inner problem in (4) with f̃ = 0). Note
that a polynomially solvable minimization problem may become hard to solve after
the addition of a linear term. E.g., while the problem of minimizing the ratio of two
linear functions over a polytope is polynomially solvable, the addition of a linear term
makes it NP-hard (see [19]).

In the approach outlined above one can consider a minimal set of convex under-
estimators, namely the affine ones or, equivalently, set �X = {0}. However, the main
contribution of this paper is the following. Affine underestimators are enough in the
definition of the convex envelope. However, the derivation of the convex envelope or,
at least, of a good convex understimator, can be simplified by:

• exetnding the class of affine underestimators to include more general convex
underestimators;

• exploiting duality.

The paper is structured as follows. In Sect. 2 we will extensively discuss how to apply
the above observations in the quadratic case. In particular, we will:

• re-derive in a different way the convex underestimators of quadratic programming
problems recently proposed in [20];

• discuss different cases when these convex underestimators are in fact convex
envelopes, namely:

– the case of diagonal Hessian matrices and no linear terms;
– the case of a single strictly convex quadratic constraint together with some
linear constraints, under a given rank condition;

– some special structured problems with two quadratic constraints, related to
unstructured robust least square problems.

Later on, in Sect. 3 we will discuss some convex underestimators for polynomial and
ratio of polynomials functions, while in Sect. 4 we will discuss a generalization of the
results about quadratic problems to some separable non quadratic problems.

2 Quadratic problems

In this section we discuss some cases involving quadratic functions. In these cases a
rather natural choice for �X is the set of all convex quadratic forms, i.e.,

�X = {x��x � � O}. (5)

Note that with this choice for �X , H(X) turns out to be the set of convex quadratic
functions.We will first show that by this choice we are able to derive in a different way
the convex underestimators for QP problems proposed in [20]. The new derivation will
also allow to identify cases when the derived convex underestimators are in fact the
convex envelopes. Such cases will be discussed later on.
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2.1 Convex underestimators for quadratic functions over quadratic constraints

We consider a function f and a region X defined as follows

f (x) = 1
2x

�Q0x

X = {x ∈ R
n 1

2x
�Qix + p�

i x ≤ di , i = 1, . . . , K }.
(6)

We make the following assumption.

Assumption 2.1 We assume that:

• at least one matrix Qi , i = 1, . . . , K , is positive definite, so that X is a bounded
set;

• int(X) 	= ∅, i.e., the interior of X is not empty.

Remark 2.1 In fact, the assumption that at least onematrixQi , i = 1, . . . , K , is positive
definite, could be relaxed. It could be replaced by the more general requirement that
function f is bounded from below over region X , which obviuosly holds true under
Assumption 2.1 in view of Weierstrass’ Theorem.

We prove the following result.

Theorem 2.1 Under Assumption 2.1, a convex underestimator for f over X is

U f ,X (x) = 1
2x

�Q0x + max
ν≥0

∑K
i=1 νi

[ 1
2x

�Qix + p�
i x − di

]

Q0 + ∑K
i=1 νiQi � O.

(7)

Proof By the previously proposed choice (5) for �X , we have that (4) is

Conv f ,X (x) = max
��O, α

α�x + x��x + min
y∈X

1
2y

�(Q0 − �)y − α�y. (8)

We introduce the following (n + 1)-dimensional square matrices

M0(α) = 1

2

(
Q0 − � −α

−α� 0

)

, Mi = 1

2

(
Qi pi

p�
i 0

)

i = 1, . . . , K ,

and

En+1,n+1 =
(

O 0
0� 1

)

,

i.e., En+1,n+1 is the matrix with a single unit component in the (n+1, n+1) position,
while all other components are null. Then, the following is a semidefinite relaxation
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for the inner minimization problem in (8)

minZ�O M0(α) • Z

Mi • Z ≤ di i = 1, . . . , K

En+1,n+1 • Z = 1,

(9)

where

Z =
(

X x

x� 1

)

.

Its dual is

max
ν≥0, β

−∑K
i=1 νi di + β

M0(α) + ∑K
i=1 νiMi − βEn+1,n+1 � O,

(10)

so that the value Conv f ,X (x) is underestimated by

max
��O, α

α�x + x��x + max
ν≥0, β

−∑K
i=1 νi di + β

M0(α) + ∑K
i=1 νiMi − βEn+1,n+1 � O.

(11)

Recalling the definitions of M0(α), Mi , i = 1, . . . , K , and En+1,n+1, the inner
maximization problem can be rewritten as follows

max
ν≥0,β

−ν�d + β

⎛

⎝
Q0 + ∑K

i=1 νiQi − � −α + ∑K
i=1 νipi

(−α + ∑K
i=1 νipi )� −2β

⎞

⎠ �
(

O 0

0� 0

)

.

Using the Schur complement, we have that the matrix on the left-hand side of the
semidefinite constraint is semidefinite positive if and only if either β = 0, −α +∑K

i=1 νipi = 0, and Q0 + ∑K
i=1 νiQi − � � O or β < 0 and

Q0 +
K∑

i=1

νiQi − � + (α − ∑K
i=1 νipi )(α − ∑K

i=1 νipi )�

2β
� O,

so that the problem is equivalent to

max
ν≥0, β≤0

−ν�d + β

Q0 + ∑K
i=1 νiQi + (α−∑K

i=1 νipi )(α−∑K
i=1 νipi )�

2β � �,

123



A new technique to derive tight convex underestimators… 481

where we set

(α − ∑K
i=1 νipi )(α − ∑K

i=1 νipi )�

2β
= O,

when β = 0. Thus, by replacing � with

Q0 +
K∑

i=1

νiQi + (α − ∑K
i=1 νipi )(α − ∑K

i=1 νipi )�

2β
, (12)

the optimal value of (11) is equal to

max
ν≥0,α,β≤0

1
2

(
Q0 + ∑K

i=1 νiQi

)
• xx� +

[
(α−∑K

i=1 pi )(α−∑K
i=1 νipi )�

4β

]

• xx�

+ (α − ∑K
i=1 νipi )�x + ∑K

i=1 νip�
i x − ν�d + β

Q0 + ∑K
i=1 νiQi � O,

which can be rewritten as

max
ν≥0,α,β≤0

1
2x

�Q0x + ∑K
i=1 νi

[ 1
2x

�Qix + p�
i x − di

]

+[(α−∑K
i=1 pi )

�x]2
4β + (α − ∑K

i=1 νipi )�x + β

Q0 + ∑K
i=1 νiQi � O,

and, finally, as

max
ν≥0,α,β≤0

1
2x

�Q0x + ∑K
i=1 νi

[ 1
2x

�Qix + p�
i x − di

] + 1
4β

[
(α − ∑K

i=1 νipi )�x + 2β
]2

Q0 + ∑K
i=1 νiQi � O.

Thus, the maximum value is attained, e.g., when:

(
α − ∑K

i=1 νipi
)�

x = 0, β = 0,

and is equal to (7), as we wanted to prove. ��
At this point it is worthwhile to stress the fact that the enlargement of the set of convex
underestimators with (5) plays a relevant role. Indeed, the above development could be
repeated with the smaller set of affine underestimators, obtained by setting�X = {0},
or, equivalently, imposing the constraint � = O. However, in that case the derivation
of the value of the convex underestimator would have not been straightforward. In
fact, we could even hope that by enlarging the set of underestimators, the resulting
value is also sharper. More precisely, let us denote byUq

f ,X the convex underestimator
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when �X is defined as in (5), and by U 	
f ,X the convex underestimator obtained when

�X = {0}. It obviously holds that Uq
f ,X (x) ≥ U 	

f ,X (x) for any x ∈ X . We might
wonder whether equality always holds or strict inequality holds at least for some
x ∈ X . Unfortunately, the former holds. This will be proved in a more general case in
Sect. 3.

We also remark that the above convex underestimator is exactly the one presented in
[20] but derived in a different way. The advantage of the new derivation is that it allows
to easily detect subcases for which the convex underestimator is the best possible one,
i.e., the convex envelope. Indeed, that happens when the relaxation (9) is exact and
strong duality holds between (9) and (10). Some of these cases are discussed in the
following Sect. 2.2.

2.2 Some cases where the convex underestimator is the convex envelope

In what follows we present some cases where the convex underestimator defined in (7)
is in fact the convex envelope. According to the previous discussion, these are cases
where the relaxation (9) is exact and strong duality holds for problem (9) and its dual
(10).

2.2.1 Diagonal Hessian, no linear term

Let us assume that

Qi = Di i = 0, . . . , K

pi = 0 i = 1, . . . , K ,
(13)

where eachmatrixDi , i = 0, . . . , K , is diagonal. Moreover, we restrict�X as follows

�X = {x��x : � � O, � diagonal}. (14)

In this case, H(X) turns out to be equivalent to the set of convex separable quadratic
functions. The following results hold.

Proposition 2.1 If (13) holds and�X is defined as in (14), then the semidefinite relax-
ation (9) is exact and, under Assumption 2.1, strong duality holds, i.e., also (10) is
exact.

Proof Exactness of the semidefinite relaxation (9) follows from Theorem 3.1 in [21]
after observing that we can always take α ≥ 0, while strong duality follows from
Slater’s condition. ��
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Corollary 2.1 Under Assumption 2.1, the convex envelope of f over X, where f and
X are defined according to (13), is

Conv f ,X (x) = 1
2x

�D0x + max
ν≤0

∑K
i=1 νi

(
di − 1

2x
�Dix

)

D0 − ∑K
i=1 νiDi � O.

Proof It immediately follows from Theorem 2.1 and the results stated in Proposition
2.1. ��

Note that in this case the computation of the value of the convex envelope amounts
to the solution of a linear program.

Although we only discussed the case of quadratic functions with diagonal Hes-
sian, we make the following remark which shows that the results extend also to cases
with non-diagonal Hessian.

Remark 2.2 Let K = 2. If f and X are defined by (possibly) non-diagonal matrices
Qi , i = 0, 1, 2, we can recover diagonality when the threematrices are simultaneously
diagonalizable, i.e., when there exists a nonsingular matrix S such that

S�QiS = Di , i = 0, 1, 2,

where the matricesDi are diagonal ones (see also [22]). Diagonality is recovered after
the linear change of variables z = S−1x. Note that this include the case of two-sided
constraints for whichQ1 = −Q2, whenQ0 andQ1 are simultaneously diagonalizable.
Also note that the case K = 1 with Q1 positive definite is equivalent to the classical
trust region problem. In this case we can take Q2 = O (and d2 > 0) so that the three
matrices are certainly simultaneously diagonalizable.

Remark 2.3 In [23] the convex envelope for the case K = 1 and Q1 not necessarily
positive definite is derived, provided that there exists an interval [ν−, ν,+] such that
Q0 + νQ1 � O for each ν ∈ [ν−, ν+]. This guarantees that function f is bounded
over X . The convex envelope is

1

2
x�Q0x + 1

2
max

{
ν−

(
x�Q1x − d1

)
, ν+

(
x�Q1x − d1

)}
. (15)

In case Q1 is not positive definite we can not directly apply the results discussed in
this paper, since Assumption 2.1 is not fulfilled. However, as pointed out in Remark
2.1, such assumption can be relaxed and, in fact, after observing that exactness of the
semidefinite relaxation (9) is proved in Theorem 3.1 in [21] without requiring that
matrix D0 and D1, obtained from Q0 and Q1 after simultaneous diagonalization, are
postive definite, we can conclude that the convex envelope (15) can be derived as a
special case of the results proved in this paper.
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2.2.2 One quadratic and some linear constraints

Let us assume that

Q1 = I

Qi = O i = 2, . . . , K

p1 = 0,

(16)

i.e., X is defined by a quadratic constraint and some linear constraints. Moreover, let
us assume that Q0 fulfills the following condition, where λmin(Q0) is the minimum
eigenvalue of the symmetric matrix Q0

rank[Q0 − λmin(Q0)I, p2, . . . ,pK ] ≤ n − 1. (17)

This condition has been introduced in [24] and generalizes the dimension condition
introduced in [25]

dim(Ker(Q0 − λmin(Q0)I)) ≥ dim(span{p2, . . . ,pK }) + 1,

where Ker(A) denotes the kernel of matrix A. We also restrict �X as follows i.e.,

�X = {x��x � � O, and Q0 − � fulfills condition (17)}. (18)

We prove the following results.

Proposition 2.2 If (16) holds and�X is defined as in (18), then the semidefinite relax-
ation (9) is exact and, under Assumption 2.1, strong duality holds, i.e., also (10) is
exact.

Proof Exactness of the semidefinite relaxation under condition (17) has been proved
in [24]. Strong duality follows from Slater’s condition. ��

The following is a corollary of Theorem 2.1 and of the strong duality result stated
in Proposition 2.2.

Corollary 2.2 Under Assumption 2.1, the convex envelope of f over X, where f and
X are defined according to (16), is

Conv f ,X (x) = 1

2
x�Q0x + 1

2
λmin(Q0)

(
1 − x�x

)
.

It is worthwhile to remark that the convex envelope is the same one as the convex
envelope of f over the unit sphere. In other words, the addition of linear constraints
for which condition (17) holds does not change the convex envelope.
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2.2.3 Special structured problems with two quadratic constraints

Let us assume that

Qi = Ir ⊗ Ai i = 0, 1, 2, (19)

where Ir is the r -dimensional identitymatrix, r > 1,Ai , i = 0, 1, 2, arem-dimensional
symmetric matrices,⊗ denotes the Kronecker product, and n = rm. In [26] it is shown
that applications with Hessian matrices defined as in (19) arise from unstructured
robust least squares problems. We restrict �X as follows

�X = {x� [Ir ⊗ �] x � � O}. (20)

We prove the following results.

Proposition 2.3 If (19) holds and�X is defined as in (20), then the semidefinite relax-
ation (9) is exact and, under Assumption 2.1, strong duality holds, i.e., also (10) is
exact.

Proof Exactness of the semidefinite relaxation when (19) holds has been proved in
[26]. Strong duality follows from Slater’s condition. ��

The following is again a corollary of Theorem 2.1 and of the strong duality result
stated in Proposition 2.3.

Corollary 2.3 Under Assumption 2.1. the convex envelope of f over X, where f and
X are defined according to (19), is

Conv f ,X (x) = 1
2x

� [Ir ⊗ A0] x + max
ν1,ν2≤0

ν1
(
d1 − 1

2x
� [Ir ⊗ A1] x − p�

1 x
)

+ ν2
(
d2 − 1

2x
� [Ir ⊗ A2] x − p�

2 x
)

A0 − ν1A1 − ν2A2 � O.

.

3 Polynomials and ratio of polynomials

Following [27], let us consider a function f which is the ratio p
q of two polynomial

functions, and let X be defined as follows

X = {x ∈ R
n gi (x) ≥ 0, i = 1, . . . ,m},

where each gi is a polynomial function.We assume that X has a nonempty interior and
that q > 0 over X . We add the constraint gm+1(x) = q(x) ≥ 0 without modifying X .
After setting f̃ = 0 (equivalent to setting �X = {0}), we can rewrite (4) as follows

Conv f ,X (x) = max min
z∈X f (z) − α�(z − x),
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486 M. Locatelli

which can be further rewritten as

Conv f ,X (x) = sup
γ,α

γ + α�x

p(z) − γ q(z) − (
α�z

)
q(z) ≥ 0 ∀ z ∈ X .

(21)

However, the constraint imposing nonnegativity over X is a difficult one. Thus, in [27]
a sequence of convex underestimators for f is defined as follows for each x ∈ X

f r (x) = sup
γ,α,ui

γ + α�x

p(z) − γ q(z) − (
α�z

)
q(z) = u0(z) + ∑m+1

i=1 ui (z)gi (z) ∀z
u0 ∈ �2r

n , ui ∈ �
2r−deg(gi )
n ,

(22)

where deg denotes the degree of a polynomial function and �d
n denotes the set of

polynomials in n variables with degree at most d and which can be written as sum
of squares of polynomials (also called in what follows sos polynomials). It is well
known that sos polynomials can be represented by semidefinite matrices, so that the
evaluation of f r can be done through the solution of a semidefinite programming
problem, whose size increases (rapidly) with r . We remark that if the constraint in (22)
is fulfilled, then the constraint in (21) is also fulfilled (while the vice versa is not neces-
sarily true). Thus, the value f r (x) underestimates Conv f ,X (x). We remark that when
p and gi , i = 1, . . . ,m, are quadratic functions and q(z) = 1 ∀z, f 1 ≡ U 	

f ,X , where

U 	
f ,X has been defined in Sect. 2.1. In [27] it is proved that under mild assumptions

on X (fulfilled, e.g., when X is a polytope or at least one region {x ∈ R
n gi (x) ≥ 0},

i = 1, . . . ,m, is compact), the sequence { f r (x)} converges pointwise to Conv f ,X (x)
as r → ∞ for each x ∈ X .

We might wonder whether an enlargement of the set of convex underestimators
allows for the detection of a sharper value with respect to f r . We need to enlarge the
set of convex underestimators in such a way that the new value can still be efficiently
computed. We define �r

X as follows

�r
X = {s s is sos-convex, deg(s) ≤ 2r − deg(q),

no monomials with degree lower than 2 in s} .

A polynomial s(x) is sos-convex if its Hessian H(x) is an sos-matrix. Sos-convexity is
a sufficient but not necessary condition for convexity of a polynomial. Its nice feature
is that it can be checked through a semidefinite condition, while checking convexity
is a hard problem even for polynomials of degree 4 (see [28]). Note that we imposed
that monomials in s have degree not lower than two since affine terms are dealt with
separately. Also note that when q(z) = 1 ∀z, �1

X is exactly the set defined in (5).
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Thus, we could define a new underestimator as follows

hr (x) = sup
γ,α,s,ui

γ + α�x + s(x)

p(z) − γ q(z) − (α�z)q(z) − s(z)q(z) = u0(z) + ∑m+1
i=1 ui (z)gi (z) ∀z

u0 ∈ �2r
n , ui ∈ �

2r−deg(gi )
n , s ∈ �r

X .

(23)

We obviously have that hr (x) ≥ f r (x) for any x ∈ X . Indeed, from any feasible
solution of (23) with s = 0, we can always derive a feasible solution for (22) with the
same objective function value. Unfortunately, the following proposition proves that
equality always holds.

Proposition 3.1 It holds that hr (x) = f r (x) for any x ∈ X.

Proof As already observed, hr (x) ≥ f r (x). Then, if we are able to prove the reverse
inequality, we are done. Let

(
α∗, γ ∗, u∗

0, u
∗
1, . . . , u

∗
m, u∗

m+1, s
∗) be an optimal solution

of (23), whose optimal value is, thus, hr (x) = γ ∗ + α∗T x + s∗(x). By feasibility, it
holds that ∀z

p(z) − γ ∗q(z) − (α∗T z)q(z) = u∗
0(z) +

m∑

i=1

u∗
i (z)gi (z) + (u∗

m+1(z) + s∗(z))gm+1(z),

which can be further rewritten as

f (z) − γ ∗q(z) − (α∗T z)q(z) − (s∗(x) + ∇s∗(x)�(z − x))q(z)

= u∗
0(z) + ∑m

i=1 u
∗
i (z)gi (z) + (u∗

m+1(z) + s∗(z) − s∗(x) − ∇s∗(x)�(z − x))gm+1(z),

after subtracting (s∗(x) + ∇s∗(x)�(z − x))q(z) to both sides of the equation (recall
that gm+1 = q). Now, let g∗(z) = s∗(z) − s∗(x) − ∇s∗(x)�(z − x). We notice that
g∗ is an sos-convex function. Indeed, since g∗ and s∗ only differ by a linear term, the
Hessian matrix of g∗ is the same as the one of s∗, which is an sos-matrix. Moreover,
it holds that g∗(x) = 0 and ∇g∗(x) = 0. Thus, according to Lemma 8 in [29], it turns
out that g∗ ∈ �

2r−deg(q)
n . Then,

(
α∗ + ∇s∗(x), γ ∗ + s∗(x) − ∇s∗(x)�x, u∗

0, u
∗
1, . . . , u

∗
m, u∗

m+1 + g∗) ,

is a feasible solution for (22) with objective function value equal to γ ∗+α∗T x+s∗(x).
Consequently, hr (x) ≤ f r (x), as we wanted to prove. ��

As a corollary of this result, we also have the equivalence betweenUq
f ,X andU 	

f ,X

as defined at the end of Sect. 2.1. Indeed, h1 ≡ Uq
f ,X in view of the equivalence

between �1
X and (5), while, as already observed, f 1 ≡ U 	

f ,X .

Functions f r and hr are computed via the solution of semidefinite programs and,
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consequently, we do not have their analytic expression. However, in [27] it is observed
that the optimal solution of (22) allows to define an affine underestimator for f . More
precisely, given an optimal solution

(
α∗, γ ∗, u∗

0, u
∗
1, . . . , u

∗
m, u∗

m+1

)
of (22), it turns

out that a supporting hyperplane for f r at x and, thus, an affine underestimator for f
over X , is

	x(z) = γ ∗ + α∗T z.

Similarly, given an optimal solution
(
α∗, γ ∗, u∗

0, u
∗
1, . . . , u

∗
m, u∗

m+1, s
∗) for (23), we

have that

cx(z) = γ ∗ + α∗T z + s∗(z),

is a convex underestimator for f over X . While it obviously holds that f r (x) =
	x(x) = cx(x) = hr (x), for some other z ∈ X , cx(z) > 	x(z) may hold. Thus, the
convex underestimator returned by the solution of (23) may be tighter than the affine
one returned by the solution of (22). This is shown through the following example.

Example 3.1 Let us consider the following function taken from [27]

f (x1, x2) = x1x2
1 + x21 + x22

,

with X = [−1, 1]2 or, equivalently

X = {(x1, x2) g1(x1, x2) = 1 − x21 ≥ 0, g2(x1, x2) = 1 − x22 ≥ 0}.

It is worthwhile to remark that, although this is a two-dimensional function, the
computation of its convex envelope is not trivial at all. To the author’s knowledge,
techniques for the derivation of the convex envelope can be applied when the function
is edge-concave over a polyhedral region X (i.e., concave along any direction parallel
to the edges of X ), in which case the convex envelope is vertex polyhedral (see, e.g.,
[7, 9]), or when the Hessian of f is not positive semidefinite in the interior of X (see,
e.g., [12, 14, 15]). None of these conditions is fulfilled by function f over the box X .

Let x = (0.1,−0.1). After solving (22) and (23) with r = 2 we get

	x(x1, x2) = −1

3
, cx(x1, x2) = −1

3
+ 0.0426 ∗ (x1 + x2)

2.

The original function f , 	x, and cx are displayed in Fig. 1.

In fact, the convex underestimator can be in some cases considerably improved by
the following observation. Problem (23) may have multiple optimal solutions and the
corresponding functions s∗ may considerably differ from each other far from the point
x. Thus, we could include in the objective function of (23) some term which favors
optimal solutions with a larger value of s∗ in points different from x. Thus, we could

123



A new technique to derive tight convex underestimators… 489

Fig. 1 Functions f , 	x , and cx

Fig. 2 Functions f , 	x , and c′x

fix some points v1, . . . , vK ∈ X (e.g., the vertices of X if it is a box), fix a small
value ε > 0, and add the term ε

∑K
j=1 s(v j ) to the objective function in (23). In our

example, such simple modification leads to the convex underestimator

c′
x(x1, x2) = −1

3
+ 1

6
∗ (x1 + x2)

2,

also displayed in Fig. 2, which is much tighter than the one displayed in Fig. 1.
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Finally, we make the following observation. By solving (22) or (23) we compute
a (possibly different) convex underestimator for each x ∈ X . If we solve multiple
instances of these problems for different points in X , we obtain a piecewise defined
convex underestimator, piecewise linear in case of (22) and piecewise sos-convex in
case of (23). However, if we wish to solve a single problem, then we can in some cases
proceed as follows. The quality of an underestimator c for a function f over a region X
can be measured by the volume of the region between the graphs of the two functions,
i.e., by the integral

∫
X ( f − c). Since f is given, this amounts to maximizing

∫
X c

among all possible underestimators within a given class. In case X is a box and the
class of underestimators ismade up of polynomials, the integral is easy to compute. For
a polynomial function f and a box X , Lasserre and Thanh [30] propose to maximize
this quality measure over the class of polynomials with degree d which are convex
over X , i.e., to solve the following problem

max
∫
X c(x)dx

f (z) ≥ c(z) ∀z ∈ X
c is a degree-d polynomial, convex over X .

(24)

Convexity over X of a polynomial c corresponds to nonnegativity of the polynomial
h(x, y) = y�∇2c(x)y over X × U , where U is the n-dimensional unit sphere. Non-
negativity both of f − c and of h are hard constraints, so that computing an optimal
solution f̄d of (24) is a difficult task. Thus, in [30] a sequence of semidefinite pro-
gramming problems of increasing size is proposed, and it is shown that the sequence
of their optimal solutions { f̄dk} is a sequence of convex underestimators for f with
degree d, and that each accumulation point of the sequence is an optimal solution of
(24). Checking sos-convexity of a polynomial is much simpler than checking its con-
vexity over X . Indeed, it is enough to impose that h(x, y) is an sos polynomial, which
reduces to a semidefinite condition. Thus, a simpler alternative to (24), requiring the
solution of a single semidefinite programming problem, is that of replacing nonnega-
tivity of f − c with an sos condition, and convexity of c over X with an sos-convexity
condition. That leads to the following problem

sup
γ,α,s,ui

∫
X (γ + α�x + s(x))dx

f (z) − γ q(z) − (α�z)q(z) − s(z)q(z) = u0(z) + ∑m+1
i=1 ui (z)gi (z) ∀z

u0 ∈ �d
n , ui ∈ �

d−deg(gi )
n , s ∈ �

d
2
X .

(25)

In our example, when d = 4 it turns out that the solution of the problem is exactly
function c′

x.

If we solve (23) we search for a convex underestimator which is as tight as pos-
sible at a single point x ∈ X . If we solve (25) we search for a convex underestimator
which is as tight as possible over the whole box X . It is possible to define intermediate
underestimators by changing the objective function in (25) as follows

123



A new technique to derive tight convex underestimators… 491

Fig. 3 Function f and the convex underestimator max{cX1 , cX2 , cX4 }

∫

X ′
(γ + α�x + s(x))dx, (26)

for some X ′ ⊆ X (in fact, (23) can be seen as a special case where X ′ = {x} and (25)
as a special case where X ′ = X ). Thus, we could introduce a piecewise defined convex
underestimator (with a prefixed number of pieces) as follows: (i) select a collection
{Xi }Ki=1 of subsets of X which are either boxes or union of boxes so that the integral
over them is a linear function of the polynomial coefficients; (ii) compute a different
convex underestimator for f over X for each Xi in the collection by solving (25) with
objective function (26) and with X ′ = Xi ; (iii) take the maximum of these convex
underestimators. For instance, in our example we consider a collection of subsets of
[−1, 1]2 made up of four corner squares and a central square:

X1 = [−0.5, 0.5]2., X2 = [0.5, 1]2, X3 = [0.5, 1] × [−1,−0.5],
X4 = [−1,−0.5]2, X5 = [−1,−0.5] × [0.5, 1].

The resulting convex underestimators are

cX1(x1, x2) = cX3(x1, x2) = cX5(x1, x2) = − 1
3 + 1

6 ∗ (x1 + x2)2

cX2(x1, x2) = −0.4082 + 0.3708 ∗ (x1 + x2)

cX4(x1, x2) = −0.4082 − 0.3708 ∗ (x1 + x2),

and the overall convex underestimator is displayed in Fig. 3.
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Fig. 4 Function g and the convex underestimator max{cX1 , cX2 , cX3 , cX4 , cX5 }

As a further example, we might consider the following function also taken from
[27]

g(x1, x2) =
(
x21 − 1

4

) (
x22 − 1

4

)

1 + x21 + x22
,

again over the box X = [−1, 1]2. In this case the solution of (25) is the trivial constant
underestimator cX (x1, x2) = −0.0937, corresponding to the minimum of g over X .
If we consider the same collection of subests as before we end up with the following
convex underestimators

cX1(x1, x2) = −0.0937

cX2(x1, x2) = −0.2897 + 0.0686 ∗ (x1 + x2) + 0.0826 ∗ (x1 + x2)2

cX3(x1, x2) = −0.2897 + 0.0686 ∗ (x1 − x2) + 0.0826 ∗ (x1 − x2)2

cX4(x1, x2) = −0.2897 − 0.0686 ∗ (x1 + x2) + 0.0826 ∗ (x1 + x2)2

cX5(x1, x2) = −0.2897 + 0.0686 ∗ (x2 − x1) + 0.0826 ∗ (x2 − x1)2.

Function g and the resulting convex underestimator are displayed in Fig. 4.

4 General separable problems

The approach discussed in Sect. 2.1 for quadratic problems can be extended to some
special structured non quadratic problems. Let us consider a n-dimensional vector of
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one-dimensional functions

F(x) = ( f1(x1), . . . , fn(xn)),

where each function fi is strictly convex, differentiable and coercive, i.e.,

lim
xi→±∞ fi (xi ) = +∞.

We denote by

F′(x) = ( f ′
1(x1), . . . , f ′

n(xn)),

the n-dimensional vector of derivatives of the one-dimensional functions fi , i =
1, . . . , n. We denote by x∗ the vector whose i th component x∗

i is the minimum
of function fi . Moreover, let us consider a k-dimensional vector of n-dimensional
functions

G(x) = (g1(x), . . . , gk(x)),

where each function g j , j = 1, . . . , k, is convex and differentiable. Let

f (x) = h(F(x)),

where h is a convex differentiable function, and

X = {x ∈ R
n G(F(x)) ≤ m}, m ∈ R

k .

We assume that int(X) 	= ∅. Note that the quadratic case discussed in Sect. 2.2.1 is a
special case of the one discussed in this section where:

• fi (xi ) = x2i , i = 1, . . . , n;
• h(t) = μ�t;
• G(t) = Mt, where the i th row of matrix M is diag(Di ), i.e., the vector whose
components are the diagonal elements of Di .

In this case we define the set �X of convex functions as follows

�X = { f̃ : f̃ (x) = δ�F(x), δ ≥ 0}. (27)

In this case,H(X) is the set of functions obtained by summing up affine functions with
nonnegative combinations of the convex functions fi , i = 1, . . . , n. The following
result holds.

Proposition 4.1 For any δ ≥ 0, the minimization problem

min h(F(y)) − δ�F(y) − α�(y − x∗)

G(F(y)) ≤ m,
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admits the strong dual

max h(t) − (δ + ν)�t + γ �G(t) − γ �m + ν�F
(
F′−1

(
α
ν

)) − α�F′−1
(

α
ν

) + α�x∗

δ = γ �∇G(t) + ∇h(t) + ν

ν, γ ≥ 0,

(28)

where ∇G(t) is the k × n dimensional matrix whose i th row is ∇gi (t).

Proof The problem admits the following convex exact reformulation

min h(t) − δ�t − α�(y − x∗)

G(t) ≤ m

F(y) ≤ t.

Exactness of this relaxation has been proved in [31]. Since int(X) 	= ∅, Slater’s
condition holds and, consequently, the Lagrangian dual

max
ν,γ≥0

min
y,t

h(t) − (δ + ν)�t + γ �G(t) − γ �m − α�(y − x∗) + ν�F(y),

is exact. The minimum with respect to t is attained when

γ �∇G(t) = −∇h(t) + ν + δ.

while

min
y

−α�y + ν�F(y) = ν�F
(
F′−1

(α

ν

))
− α�F′−1

(α

ν

)
.

Thus, the Lagrangian dual can be rewritten as (28). ��
Now, we are able to prove the following result.

Theorem 4.1 It holds that

Conv f ,X (x) = max
t,γ

h(t) + ∇h(t)(F(x) − t) + γ � [G(t) + ∇G(t) (F(x) − t) − m] .

∇h(t) + γ �∇G(t) ≥ 0

γ ≥ 0.

Proof When �X is defined as in (27), we can rewrite (4) as

Conv f ,X (x) = max
α,δ≥0

δ�F(x) + α�(x − x∗)+ min h(F(y)) − δ�F(y) − α�(y − x∗)

G(F(x)) ≤ m.
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In view of Proposition 4.1 we have, after eliminating δ,

Conv f ,X (x) = max (∇h(t)−ν+γ �∇G(t))�F(x)+γ �G(t)−γ �∇G(t)t−γ �m

+α�x + ν�F
(
F′−1

(
α
ν

)) − α�F′−1
(

α
ν

) + h(t) − ∇h(t)t

∇h(t) − ν + γ �∇G(t) ≥ 0

ν, γ ≥ 0

α ∈ R
n .

After imposing the stationarity condition, it can be seen that the optimal solution of

max
α

α�x + ν�F
(
F′−1

(α

ν

))
− α�F′−1

(α

ν

)
,

is α = ν � F(x), where � denotes the component-wise product. Then, after substi-
tution, the optimal value of this maximization problem is ν�F(x), and, consequently,
we have

Conv f ,X (x) = max
t,γ ,ν

h(t) + ∇h(t)(F(x) − t) + γ � [G(t) + ∇G(t) (F(x) − t) − m] .

∇h(t) − ν + γ �∇G(t) ≥ 0

ν, γ ≥ 0.

The maximum is attained at ν = 0 which leads to the desired result. ��

Different special cases, all derived from Theorem 4.1, are the following:

• h linear: If we assume that h is linear, i.e., h(t) = μ�t, then

Conv f ,X (x) = μ�F(x) + max
γ≥0, μ+γ �∇G(t)≥0

γ � [G(t) + ∇G(t) (F(x) − t) − m] .

If we further assume that G is linear, i.e., G(t) = Mt, then

Conv f ,X (x) = μ�F(x) + max
γ≥0, μ+γ �M≥0

γ � [MF(x) − m] .

Note that in this case the value of the convex envelope is given by the solution of
a linear program.
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• h quadratic: If we assume that h is quadratic, i.e., h(t) = 1
2 t

�At + μ�t, where A
is a positive semidefinite matrix, then

Conv f ,X (x) = max− 1
2 t

�At + (At + μ)�F(x) + γ �

[G(t) + ∇G(t) (F(x) − t) − m] .

At + μ + γ �∇G(t) ≥ 0

γ ≥ 0.

If we further assume that G is linear, i.e., G(t) = Mt, then

Conv f ,X (x) = max − 1
2 t

�At + (At + μ)�F(x) + γ � [MF(x) − m] .

At + μ + γ �M ≥ 0

γ ≥ 0.

A possible example is the following.

Example 4.1 A subcase with h linear andG nonlinear is the following. Let k = 1 and

fi (xi ) = |xi |p, p ∈ (1, 2]

g1(t) = ∑n
i=1 t

2
p
i , m1 = 1,

so that function f is
∑n

i=1 μi |xi |p, while the region X is the unit sphere. Note, in
particular, that for μi = −1, i = 1, . . . , n, function f is the opposite of the p-norm.
Let

I+ = {i : μi ≥ 0}, I− = {1, . . . , n}\I+.

We assume that I− = {i1, . . . , i	} and that its elements are ordered in such a way that
for r = 1, . . . , 	 − 1,

−pμir

2|xir |2−p
≤ −pμir+1

2|xir+1 |2−p
.

It follows from Theorem 4.1 that

Conv f ,X (x) = ∑n
i=1 μi |xi |p+ max γ (g1(t) + ∇g1(t)(F(x) − t) − 1)

μi + γ 2
p |ti |

2−p
p ≥ 0 i = 1, . . . , n

γ ≥ 0.
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The function to be maximized with respect to γ ≥ 0 is subdivided into the intervals[
−pμir

2|xir |2−p ,
−pμir+1

2|xir+1 |2−p

]

, r = 0, . . . , 	, where the left extreme of the first interval is set

equal to 0, while the right extreme of the last interval is set equal to +∞. Over the r th
interval the function is equal to

γ

⎡

⎣
∑

i∈I+
x2i +

r∑

s=1

x2is − 1

⎤

⎦ + γ
− p

2−p

	∑

s=r+1

[
(p − 2)

p

(−pμis

2

) 2
2−p

]

−
	∑

s=r+1

μis |xis |p.

The derivative of this piecewise defined function tends to +∞ for γ → 0 and, for
γ ≥ 0, it is decreasing until it becomes constant and non positive (in fact, negative if x
belongs to the interior of the unit sphere) for γ ≥ −pμi	

2|xi	 |2−p . Thus, the function is con-

cave for γ ≥ 0 and has a unique maximizer within the interval

[
−pμir

2|xir |2−p ,
−pμir+1

2|xir+1 |2−p

]

such that

∑

i∈I+
x2i +

r∑

s=1

x2is + x2ir

	∑

s=r+1

(
μis

μir

) 2
2−p − 1 ≥ 0

and

∑

i∈I+
x2i +

r+1∑

s=1

x2is + x2ir+1

	∑

s=r+2

(
μis

μir+1

) 2
2−p − 1 ≤ 0,

where the two values above are the derivative values at the two extremes of the interval.

5 Conclusions and future work

The value of the convex envelope of a function f over a region X at some point x ∈ X
is the largest value at x of affine understimating functions for f over X . This value
can be computed by solving a (usually hard) maximin problem. Computing convex
envelopes or, at least, good convex underestimators, may enhance the quality of lower
bounds for nonconvex optimization problems and, thus, the performance of global
optimization codes for their solution. In this paper we have shown that good convex
underestimating functions can be efficiently derived by the following scheme: (i)
enlarge the class of convex underestimating functions (not only affine ones); (ii) relax
the inner minimization problem; (iii) consider the dual of the relaxation. In particular,
when the relaxation is exact and when strong duality holds, the value computed is
the one of the convex envelope. In the paper the scheme above is applied to different
problems, in particular quadratic problems with quadratic constraints, and different
cases for which the resulting underestimating function is the convex envelope are
recognized. Some results are also discussed for polynomial and ratio of polynomial
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functions over regions defined by polynomials, and for some separable functions over
regions defined by similarly defined separable functions. As possible topics for future
research, we would like to explore further classes of problems where the proposed
technique can be applied, and to employ the convex underestimators derived through
it within the framework of global optimization codes.
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